ABSTRACT. In this paper we survey some results on the symmetric semi-perfect obstruction theory on a Deligne-Mumford stack X constructed by Chang-Li, and Behrend's theorem equating the weighted Euler characteristic of X and the virtual count of X by symmetric semi-perfect obstruction theories. As an application, we prove that Joyce's d-critical scheme admits a symmetric semi-perfect obstruction theory, which can be applied to the virtual Euler characteristics by Jiang-Thomas.
in algebraic geometry. The techniques apply to both Gromov-Witten theory and Donadson-Thomas theory. However there exist some moduli problems such that the perfect obstruction theory only locally exists. In [6] , Chang-Li generlize and define semi-perfect obstruction theory which is locally given by a perfect obstruction theory. The local virtual cycles glue to give a global virtual fundamental cycle. Examples of schemes admitting semi-perfect obstruction theory include the moduli spaces of derived objects in the derived category of coherent sheaves on a Calabi-Yau threefold.
In [1] , Behrend introduced the "symmetric obstruction theory" in order to prove that the Donaldson-Thomas invariants on a Calabi-Yau threefold are motivic invariants. The symmetry on the obstruction theory implies special property for the obstruction theory, see §2.2. Behrend proved that the virtual count of the symmetric obstruction theory on a scheme or Deligne-Mumford stack X is a weighted Euler characteristic of X weighted by the "Behrend function", see §3 and more details on the Behrend function is included in [13] .
In this paper we survey some results for symmetric semi-perfect obstruction theories, and Behrend's theorem on equating the virtual count to the weighted Euler characteristic by the Behrend function.
Application to Donaldson-Thomas invariants.
Let Y be a smooth CalabiYau threefold or a smooth threefold Calabi-Yau Deligne-Mumford stack. The Donaldson-Thomas invariants of Y count stable coherent sheaves. R. Thomas [29] constructed a perfect obstruction theory E • in the sense of Li-Tian [23] , and Behrend-Fantechi [2] on the moduli space X of stable sheaves over Y. If X is proper, then the virtual dimension of X is zero, and the integral DT Y = [X] virt 1 is the Donaldson-Thomas invariant of Y. In [1] Behrend proved that the moduli scheme X of stable sheaves on Y admits a symmetric obstruction theory. Let ν X : X → Z be the Behrend function on X. If X is proper, then in [1, Theorem 4.18] Behrend proved that DT Y = [X] virt 1 = χ(X, ν X ), where χ(X, ν X ) is the weighted Euler characteristic weighted by the Behrend function. Same result for a proper DeligneMumford stack X with a symmetric perfect obstruction theory is conjectured by Behrend in [1] , and is proved in [14] .
D-critical schemes.
In [4] and [5] , Joyce etc studied the classical underlying scheme of a (−1)-shifted derived symplectic scheme defined in [27] . In [17] , Joyce introduced the notion of d-critical schemes or d-critical analytic spaces, where the underlying scheme of a (−1)-shifted derived symplectic scheme defined in [27] is a d-critical scheme. For instance, the moduli space X of stable coherent sheaves or simple complexes on a Calabi-Yau threefold Y can be lifted to a (−1)-shifted derived symplectic scheme, and is a d-critical scheme. But the notion of d-critical schemes is more general than the underlying scheme of a (−1)-shifted derived symplectic scheme. Kiem-Li [20] introduced "virtual critical manifolds", and proved that they are equivalent to d-critical analytic spaces. The notion of dcritical schemes or virtual critical manifolds are important to the categorification of Donaldson-Thomas invariants.
We provide the detail proof that a d-critical scheme X admits a symmetric semiperfect obstruction theory. Kiem-Li [20] have already proved that a virtual critical manifold admits a symmetric semi-perfect obstruction theory. All results here in this section are due to Kiem-Li.
Virtual signed Euler characteristics.
Motivated by the cotangent theory of Costello [9] and Gromov-Witten theory with p-fields in [7] , in [16] R. Thomas and the author defined four virtual signed Euler characteristics on the dual obstruction sheaf N = Ob * X of a perfect obstruction theory on a scheme X. The abelian cone N locally is given by the critical locus of a regular function on a higher dimensional smooth scheme, and N is a d-critical scheme of Joyce [17] . In [16] , the scheme X with a perfect obstruction theory E • X is assumed to the underlying scheme of a quasi-smooth derived scheme so that on the cone N there exists a symmetric obstruction theory by pullback from the derived cotangent bundle of (X, E • X ). Since N is a d-critical scheme, N naturally admits a symmetric semiperfect obstruction theory, and we still can define the four virtual signed Euler characteristics in [16] . Note that in [18] , Kiem has already proved that on N there is a semi-perfect obstruction theory. We also talk about a natural compactification N of N by taking the projective cone of Ob X , and show that N is also a d-critical scheme under some conditions. This may have applications for the Vafa-Witten invariants as developed in [28] .
In a different situation, if X is a scheme or a Deligne-Mumford stack admitting a symmetric semi-perfect obstruction theory, and furthermore there exists a G maction on X such that the semi-perfect obstruction theory is G m -equivariant, we show that the Behrend's weighted Euler characteristic of X is the same as the Kiem-Li cosection localized invariants of the G m -action. This generalizes the result in [13] to symmetric semi-perfect obstruction theories.
1.5. Outline. The rough structure of the paper is as follows. We review the basic materials about symmetric semi-perfect obstruction theories in §2, where §2.1 goes over the perfect obstruction theory and obstruction space; and in §2.2 the basic notion of symmetric semi-perfect obstruction theory is reviewed. In §3 we prove Theorem 3.8 that equating the weighted Euler characteristic to the virtual count of a symmetric semi-perfect obstruction theory. We apply the result in the theorem to d-critical schemes in §4; where in §4.2 we review Joyce's d-critical schemes, in §4.3 we provide detail proof for a d-critical scheme admitting a symmetric semiperfect obstruction theory; and finally in §4.4 two special cases of virtual count are generalized to symmetric semi-perfect obstruction theories.
Convention. Throughout the paper we work over an algebraically closed field κ of character zero. We use G m to represent the one parameter multiplication group of A 1 κ . For a scheme or a Deligne-Mumford stack X, L X := L ≥−1 X represents the truncated cotangent complex, where L X is the full cotangent complex. We use the notation E −i := (E i ) * for dual vector bundles, and reserve ∨ for the derived dual of coherent sheaves and complexes.
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SYMMETRIC SEMI-PERFECT OBSTRUCTION THEORY
In this section we review some basic materials about the symmetric semi-perfect obstruction theory in [6] 
φ induces an isomorphism on h 0 and an epimorphism on h −1 .
The sheaf
From [2] , the intrinsic normal cone c X α is defined as follows: whenever there is a closed immersion
where C X α /M is the normal cone and T M | X α is the restriction of the tangent bundle T M to X α which acts on the normal cone. The morphism φ : E → L X α defines a closed immersion of cone stacks
be the associated cycle and let
be the morphism induced by the truncated perfect obstruction theory. 
is the intrinsic obstruction space to deforming p ∈ X α . The vanishing of ω(g, T, T) is necessary and sufficient for the lifting problem to be solvable, in which case the collection of the solutions form a torsor under 
As in [6, Formula (2.4)], let
be the composition morphism, where the first arrow is an embedding of the intrinsic normal sheaf to the bundle stack for the obstruction theory φ : 
(1) for any pair α, β ∈ Λ there exists an isomorphism Let φ = {φ α , X α , E α , ψ αβ } α∈Λ be a semi-perfect obstruction theory for X. We denote by Ob φ the resulting obstruction sheaf of the semi-perfect obstruction theory by the gluing of Ob φ for α ∈ Λ.
Let
be the intrinsic normal sheaf of X, and we can think of this sheaf as the gluing of 
be the homomorphism by linear extensions. Let c X be the intrinsic normal cone of X such thatétale locally on X α → X, there exists a closed immersion 
is the virtual fundamental cycle associated with the semi-perfect obstruction theory φ. 
Proof. Still since for α ∈ Λ, φ α : E α → L X α is a perfect obstruction theory.Étale locally around X α (hence around X), the presentation F and γ always exists. Hence the uniqueness of C is true. We only need to prove its existence. Let X αβ → X α be the embedding ofétale chart. Then from [2, §3] , the intrinsic normal cone
is a closed subcone stack via the embedding of intrinsic normal sheaves N X αβ → N X α . On the other hand, the vector bundle stack
is an embedding as closed bundle stacks, and
From the definition of semi-perfect obstruction theory, for any α, β,
. Still let cv be the coarse moduli sheaf of the intrinsic normal cone c X , and we get a Cartesian diagram on X:
as stacks (in the bigétale site of X). Then the cone C ֒→ Ω is constructed by the fibre product of sheaves on the bigétale site of X:
which is Cartesian because (2.2.3) and the Cartesian diagram:
by assuming F is a global resolution.
Definition 2.9. A semi-perfect obstruction theory
. Proposition 2.10. The obstruction sheaf Ob φ for a symmetric semi-perfect obstruction theory φ is the cotangent sheaf Ω X .
Proof. Locally the obstruction sheaf Ob
φ α = h 1 (E ∨ α ) = Ω X α is the cotangent sheaf of X α , therefore Ω X α glue to give the cotangent sheaf Ω X .
Almost closed one form.
Recall from §3.4 of [1] , any symmetric obstruction theory is locally given by an almost closed 1-form. This is still true for symmetric semi-perfect obstruction theory. Let φ = {φ α , X α , E α , ψ αβ } α∈Λ be a symmetric semi-perfect obstruction theory for X. The symmetric obstruction theory E α on anyétale local chart X α → X gives rise to the following: for each point p ∈ X α in anétale neighborhood, there exists an immersion
, where I X α is the ideal sheaf of the zero locus of ω (X α is the zero locus of ω).
Virtual fundamental cycle.
Let φ = {φ α , X α , E α , ψ αβ } α∈Λ be a symmetric semiperfect obstruction theory for X. Recall that we have the morphism
constructed before. Let c X be the intrinsic normal cone and cv = η φ⋆ [c X ] is exactly the coarse moduli sheaf of the intrinsic normal cone taken as a cycle in
be the virtual fundamental cycle by applying the Gysin map
We give an alternative construction due to [1] . Note that since c X and h 1 /h 0 (E ∨ α ) are all Artin stacks, one can use the intersection theory of Artin stacks in [22] to directly applying the Gysin map on the Chow group
where Ω is a vector bundle and C is the obstruction cone in Ω.
Ω is the Gysin map of the vector bundle Ω → X.
BEHREND'S THEOREM
In this section we survey the Behrend's theorem equating the virtual count of a symmetric semi-perfect obstruction theory φ to the weighted Euler characteristic of X.
The Behrend function.
Let X be a Deligne-Mumford stack. In [1, §2] Behrend introduced on X an integer valued constructible function
which is called the "Behrend function". We briefly recall its construction. More detail construction can be found in [1] , and [13] .
There exists a unique integral cycle c X on X such that for anyétale chart U → X and U → M an embedding into a smooth scheme M,
where π : C U/M → U is the projection from the normal cone C U/M to U; C ′ are all the irreducible components of the normal cone C; π(C ′ ) are the irreducible closed subset (prime cycle) on U by the image of π; and mult(C ′ ) is the multiplicity of C ′ at the generic point. (
In general it is a integral cycle in Z * (X). (2) More motivation of the local Euler obstruction can be found in [24] , see also [1, §2] , [13] .
where F P is the Milnor fiber of the function f at P.
Definition 3.3. The weighted Euler characteristic of X by the Behrend function ν X is defined as:
We recall the Aluffi class. First the Chern-Mather class is a group homomorphism c M :
by linear extension for any prime cycle V of degree p on X,
where µ : V → V is the Nash blow-up, T V is the Nash tangent bundle on V. Let c M 0 (V) be the degree zero part of c M (V). Behrend [1, Definition 1.1] defines the Aluffi class as: 
Definition 3.5. A closed subset of Ω M is conic and Lagrangian if every one of its irreducible components is conic and Lagrangian. An algebraic cycle in Ω M is conic Lagrangian if its support is conic Lagrangian.

3.2.2.
Behrend's theorem. Now since X is a quasi-projective separated DeligneMumford stack, and let X ֒→ M be the closed immersion into a smooth projective Deligne-Mumford stack M with projective coarse moduli space. Moreover, X admits a symmetric semi-perfect obstruction theory φ = {φ α , X α , E α , ψ αβ } α∈Λ . Let C ⊂ Ω M be the obstruction cone constructed in Proposition 2.8 by
Proof. The problem is local, hence we may assume that X is cut out by an almost closed one form ω ∈ Ω 1 M . Then the result is from [1, Theorem 4.9] . Recall that in [1, §4] , let L X (Ω M ) is the subgroup of Z n (Ω M ) generated by the conic Lagrangian prime cycles supported on X. Let V be a prime cycle of M, one has N * V/M the closure of the conormal bundle of smooth part of V inside M. So in (Section 4.1, [1] ) the following isomorphism of groups is defined:
which is given by
where π : W → X is the projection. The homomorphisms L and π are inverse of each other. Fix an embedding X → M of the DM stack X into a smooth DM stack M. We have the following diagram due to Behrend in Diagram (2) of [1] . 
(·).
We briefly explain the horizontal morphisms in the diagram. The first map is the local Euler obstruction Eu and it gives an isomorphism from Z * (X) to F(X). Then the morphism Ch is defined by the isomorphism Eu and the morphism L defined above. 
Proof. From Proposition 2.11, and the fact that the virtual dimension is zero, [20] is called virtual critical manifolds, and Kiem-Li proves that the d-critical analytic spaces and virtual critical manifolds are equivalent. Classical examples include the moduli space of stable simple complexes on Calabi-Yau threefolds, and these moduli spaces are the underlying schemes of the lifted (−1)-shifted symplectic derived schemes of [27] . These moduli schemes admits a natural symmetric obstruction theory.
From Joyce [17] , it is not known if a d-critical scheme admits a symmetric obstruction theory, although locally it does. In this section we prove that Joyce's d-critical scheme admits a symmetric semi-perfect obstruction theory. Since a d-critical analytic space is equivalent to a virtual critical manifold in [20] , and Kiem-Li already proved that virtual critical manifolds admits a symmetric semiperfect obstruction theory, hence in the algebraic sense a d-critical scheme admits a symmetric semi-perfect obstruction theory. We provide the detail proof for dcritical schemes and all credits belong to Kiem-Li in [20] .
As application we show that the dual obstruction sheaf as in [16] is a dcritical scheme. We also show that its compactification is also a d-critical scheme under some restrictions. Therefore the dual obstruction sheaf admits naturally a symmetric semi-perfect obstruction theory.
Let X be a scheme which admits a symmetric semi-perfect obstruction theory, and furthermore assume that there exists a G m action on X which makes the symmetric semi-perfect obstruction theory G m -equivariant. The G m -action naturally gives rise to a cosection and we show that the Kiem-Li localized invariant is equal to the Behrend's weighted Euler characteristic by the Behrend function. This generalizes the result in [13, Theorem 5.20 ] to symmetric semiperfect obstruction theory.
Joyce's d-critical schemes.
The algebraic d-critical scheme is the classical model for the (−1)-shifted symplectic derived scheme as developed by PTVV in [27] . In the same paper [27] , PTVV prove that the moduli space of stable coherent sheaves or simple complexes over Calabi-Yau threefolds admits a (−1)-shifted symplectic derived structure, hence their underlying moduli scheme has an algebraic d-critical locus structure. Thus the algebraic d-critical locus of Joyce provides the classical schematical framework for the moduli space of stable simple complex over smooth Calabi-Yau threefolds.
To define the algebraic d-critical scheme, we first recall the following theorem in [17] 
where O X , O U are the structure sheaves of X and U, and i # is the morphism of sheaves over R. There is also an exact sequence of sheaves of κ-vector spaces over R: 
on U, and we have:
morphism of sheaves of κ-algebras on R. As Φ • i = j| R , then (4.2.2) maps to I S,V | R → I R,U , and I 2 S,V | R → I 2 R,U . Thus (4.2.2) induces the morphism in the second column of (4.2.1). Similarly, dΦ : Φ −1 (T * V) → T * U induces the third column of (4.2.1).
According to [17] , there is a natural decomposition S X = S 0 X ⊕ κ X and κ X is the constant sheaf on X and S X ⊂ S X is the kernel of the composition:
with X red the reduced κ-scheme of X, and i X : X red ֒→ X the inclusion. 
a critical chart (T, W, h, k) on (X, s), and embeddings
and
We introduce the canonical line bundle of (X, s): Bussi, Brav and Joyce [4] prove the following interesting result: Let (X, ω) be a (−1)-shifted symplectic derived scheme over κ in the sense of [27] , and let X := t 0 (X) be the associated classical κ-scheme of X. Then X naturally extends to an algebraic d-critical scheme (X, s). The canonical line bundle K X,s ∼ = det(L X )| X red is the determinant line bundle of the cotangent complex L X of X.
g, j) be an embedding of critical charts on (X, s). Then there is an isomorphism of line bundles on
One of the applications of the (−1)-shifted symplectic derived scheme or stack is on moduli problems. Let Y be a smooth Calabi-Yau threefold over κ, and X a classical moduli scheme of simple coherent sheaves in Coh(Y), the abelian category of coherent sheaves on Y. Then in [27] , the authors prove that there is a natural (−1)-shifted derived scheme structure X on the moduli space X, such that if i : X ֒→ X is the inclusion, then the pullback i * L X of the cotangent complex of X is a perfect obstruction theory of X, thus from the result in [4] , X has an algebraic d-critical locus structure. 
as above. The section s ∈ S X satisfies that
These two d-critical charts glue to give the d-critical scheme X. As proved in [17] , X is non orientable.
Symmetric semi-perfect obstruction theory of d-critical schemes.
In [20] , Kiem-Li has proved that there exists a symmetric semi-perfect obstruction theory on a virtual critical manifold defined in [20] . Taking as analytic spaces, virtual critical manifolds are the same as d-critical analytic spaces. We provide a proof here for d-critical schemes and all credits of the result belong to Kiem-Li in [20] . Theorem 4.6. Let (X, s) be a d-critical scheme in the sense of [17] . Then (X, s) admits a symmetric semi-perfect obstruction theory.
Locally on each critical chart, there exists a symmetric obstruction theory
For any α, β, and two d-critical charts: [17] , for any x ∈ X αβ , there exist sub-critical charts
For the local symmetric obstruction theory
on X α , we show:
(1) For each embedding of critical charts:
For two embeddings of critical charts:
The claim (2) is from (1). We prove the property (1). The embedding Φ induces the following commutative diagram: 
and the bundle stack
where the last equality is true since [Ω A n κ /T A n κ ] is trivial. This fact can be proved by the following arguments. Since (1) and (2) to prove the following:
β small enough such that we have subcritical charts:
such that we get:
The obstruction sheaf h 1 (E •∨ α ) = Ω X α for all α glue to give the obstruction sheaf Ω X . Hence the Condition (1) in the definition of symmetric semi-perfect obstruction theory is proved.
Finally we prove that for two local symmetric obstruction theories:
X αβ ⊂ X be a closed point, and let T = Spec A be an Artin local ring with maximal ideal m T . Let I be an ideal in A such that I · m T = 0 and let
T = T/I (A = A/I).
Consider the following diagram:
Since U α , U β are smooth, there are morphisms
be the canonical morphisms. Then from (4.3.4), (4.3.5) and (4.3.6), we have:
by [19, Lemma 1.28] . So we need to show that
We write down the detail composition morphisms.
and the obstruction space is the composition morphisms restricted to U αβ , p ∈ X αβ . In between we can insert the composition morphism
where when restricted to the point p, they are all the same. Therefore
and we are done.
Application to virtual signed Euler characteristics.
In this section we apply the former result to the dual obstruction sheaf for a perfect obstruction theory without assuming derived schemes as studied in [16] . Note that this result is already proved in [18] . We also talked about one compactification of the dual obstruction sheaf cone.
The dual obstruction sheaf.
For the consistence of notations, we follow [16] . Let X be a scheme with a perfect obstruction theory E • X in the sense of [2] , [23] .
The obstruction sheaf Ob
be the abelian cone corresponding to this obstruction sheaf. It is a cone over X together with a C * -action by scaling the fibers of N. Let π : N → X be the projection.
From [16] , given a locally free resolution E 0
Local model. Locally we choose a presentation of (X, E • X ) as the zero locus of a section s of a vector bundle E → A over a smooth scheme A, such that the complex
Let τ be the tautological section of π * E E * . Therefore,
where we have chosen any holomorphic connection D on E → A by shrinking A if necessary.
Thinking of the section s of E → A as a linear function s on the fibres of Tot (E * ), we find that its critical locus is N. From [16, Proposition 2.6], the function s is:
where
We work in local coordinates x i for A. Trivialising E (with rank r) with a basis of sections e j , we get a dual basis f j for E * and coordinates y j on the fibers of Tot (E * ).
Then we can write s = ∑ j s j e j , τ = ∑ Then from Theorem 4.6, N admits a symmetric semi-perfect obstruction theory φ = {φ α , N α , E α , ψ αβ } α∈Λ with obstruction sheaf Ω N .
In [18] , Kiem defined the cosection of a semi-perfect obstrution theory and the cosection here σ : Ω N → O N is constructed by taking the dual of the vector field
of the G m -action. We fix a global embedding N ֒→ A into a higher dimensional smooth scheme A such that A → A is a vector bundle over a smooth scheme A and X ֒→ A is the global immersion of X, see [16, §4] . We have a cartesian diagram
where cv is the coarse moduli sheaf of the intrinsic normal cone, and C is the unique lifting cone making the diagram commute. The important key point is that
is Lagrangian inside Ω A , which is naturally a symplectic manifold. From [19] ,
Taking a small perturbation ξ is the zero section A of Ω A such that ξ ∩ C only supports on M. Then Kiem-Li constructed the localized virtual cycle
[N]
Theorem 4.9. We have:
Proof. The proof is nearly the same as in [16, §4] . Note that the essential point is that C ⊂ Ω A is Lagrangian, which is still true for symmetric semi-perfect obstruction theory φ = {φ α , N α , E α , ψ αβ } α∈Λ since it is a local property.
G m -localized invariants vs Fantechi-Goeschett/Ciocan-Fortanine-Kapranov virtual
Euler characteristics. We also generalize the invariants (1), (2) in [16] to N admitting a symmetric semi-perfect obstruction theory, as studied in [18] . Let (X, E • X ) be a perfect obstruction theory on a scheme X. The virtual Euler number is defined as:
where (E • X ) ∨ is taken as the virtual tangent bundle on X. We use the signed version:
which is deformation invariant.
On the other hand, since G m acts on N (the abelian cone), one can apply GraberPandharipande's virtual localization on the virtual cycle of N (for semi-perfect obstruction theory on N, [18] generalizes it to this situation). We have, over the
for each α, where t denotes the standard weight one representation of G m . The virtual normal bundle is given by the dual of the second summand We review the construction of the projective cone N. Writing E • X as E −1 → E 0 , we get the exact sequence
Consider the following exact sequence
Let τ be the tautological section of π *
From the construction of the projective bundle (cone), this tautological section N is cut out of C(
4.5.1. Local model. We work on the local model of N. We have
Therefore the ideal of N in the smooth ambient space P :
Here we recall that π *
is the projection of the projective bundle. We can take A = A n κ and the vector bundle E = A × A r κ is trivial. We work in local coordinates x i for A such that (s 1 , · · · , s r ) are functions of x i . Trivializing E (with rank r) with a basis of sections e j , we get a dual basis f j for E * and coordinates y j on the fibers of Tot (E * ). From the construction of P := P(E * ⊕ O A ) = A × P r , and let D ∞ = P(E * ) = A × P r−1 be the infinity divisor. In the local coordinates above, one takes the homogeneous coordinates of of the fibre of A × P r by [u 1 : · · · : u r : u r+1 ].
Recall that the log cotangent bundle Ω log P is defined as the sheaf of differential forms on P with logarithmic poles along D ∞ , i.e., to be the sheaf of meromorphic 
Proof. First in this local case the ideal (4.5.5) is given by:
Here (∑ i u i ds i ) means the ideal generated by:
To write down the ideal (4. 
then in the open affine chart N ∩ A × U i , ∑ i u i ds i can be written as
Since in this affine chart u i = 0, the ideal (4. 
4.6.
Application to the G m -equivariant symmetric semi-perfect obstruction theory. We generalize the result in [13] to symmetric semi-perfect obstruction theory. We first recall the G m -equivariant semi-perfect obstruction theory. The main result in [13, Theorem 5.20] does not require that X admits a "symmetric" equivariant obstruction theory, but rather a G m -equivariant perfect obstruction theory. First we have the following result, which is the same as Theorem 5.8 in [13] . Proof. The first result is from the fact that the Behrend function ν X is constant on the nontrivial G m -orbits. If X is proper, the last result is from Theorem 3.8. [19] proves that
Then Kiem-Li define the cosection localized virtual cycle by applying the localized Gysin map in [19, §3.3] . We use the analytic method in the Appendix of [19] , and take a small perturbation ξ is the zero section M of Ω M such that ξ ∩ C only supports on F. Then Proof. We only need to show that χ(X, ν X ) = #(ξ ∩ C), the intersection number, but simialr to the proof in [16, §4] or [13, §5.8] , this is the global index theorem due to Theorem 9.7.11 of Kashiwara-Schpaira [21] since the characteristic cycle of ν X is C. In the Deligne-Mumford stack case, the index theorem is due to Maulik-Treumann in [25] .
.
